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Abstract
We construct Boris-type schemes for integrating gyration of charged particles
in particle-in-cell (PIC) simulation. The new solvers virtually combine the
classic 2-step Boris solver arbitrary n times, and therefore we call them the
multiple Boris solvers. Using Chebyshev polynomials, a one-step form of the
new solvers is provided. The new solvers give n2 times smaller errors and
allow larger timesteps. We finally present numerical tests of the new solvers,
in comparison with other particle integrators.
Keywords: Boris integrator; Particle-in-cell simulation; Lorentz force
equation
1. Introduction
Particle-in-cell (PIC) simulation [1, 2] has been extensively used to study
complex kinetic phenomena in plasma systems. The Boris solver [3] (or the
Boris pusher) is a de fact standard method to advance charged particles in
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PIC simulation. Although its algorithm is simple, it is robust and provides
moderately good accuracy. For these reasons, it has been used about a half
century.
Since mid 2010s, there is a renewed interest to develop new particle in-
tegrators. In recent PIC simulations, one often solves the system evolution
much longer than before. In such a case, we want to solve the particle mo-
tion as accurately as possible, because small errors may be accumulated over
many timesteps. The Boris solver is proven to be stable [4, 5], however,
it does produce a second-order error. For this reason, there is a growing
demand for higher-accuracy extensions to the Boris solver.
Umeda [6, 7] has proposed multistep Boris solvers. Repeating a Boris-type
procedure multiple steps, the author managed to reduce an effective timestep
2N−2 times smaller. Since the Boris solver is a second-order scheme, N -step
Boris solvers provide 4N−2 times higher accuracy. Zenitani & Umeda [8] have
proposed to use a rotation formula. The solver virtually provides no error
in the phase angle in the gyration part. Because of operator-splitting, their
scheme offers second-order accuracy.
In addition to higher numerical accuracy, it is also important to improve
computation cost. A fast solver helps us to reduce the total computation
time of PIC simulation. The cost depends on many other factors, but the
timestep ∆t is certainly one of them. If the solver allows us to use a larger
∆t, we can further reduce the computation time. Thus it is important to
evaluate the constraint on ∆t for particle solvers.
In this article, we propose new Boris-type integrators to solve the gyration
part of the charged-particle motion. The new solvers are multiple extensions
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of a Boris-type element. We call them “multiple Boris solvers.” They provide
higher accuracy and allow larger timesteps than the original Boris solver. In
Section 2, we briefly review a classical 2-step Boris solver and discuss its
graphical meanings. In Section 3, we introduce our multiple Boris solvers.
Using Chebyshev polynomials, we derive coefficients for n-tuple Boris solvers,
where n is an arbitrary integer. We estimate errors and discuss limitations
to the timesteps. In Section 4, we present benchmark results. The new
solvers and other particle integrators are briefly compared. Section 5 contains
discussion and summary.
2. Boris solver
Here we describe a popular form of the Boris algorithm [1, 2]. It handles
the particle motion in a time-staggered manner,
xt+∆t − xt
∆t
=
ut+
∆t
2
γt+
∆t
2
, (1)
m
ut+
∆t
2 − ut−∆t2
∆t
= q
(
Et +
ut+
∆t
2 + ut−
∆t
2
2γt
×Bt
)
. (2)
The superscripts (t, t + ∆t, ...) indicate time, u = γv is the spatial part of
a 4-vector, and γ = [1 − (v/c)2]−1/2 = [1 + (u/c)2]1/2 is the Lorentz factor.
Other symbols have their standard meanings. Hereafter we denote Bt as B
for brevity.
The acceleration part (Eq. (2)) is split into the Coulomb-force part for
the first half:
u− = ut−
∆t
2 + ε∆t, (3)
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the middle Lorentz-force part:
t ≡ θ
2
bˆ =
ωc∆t
2
bˆ =
q∆t
2mγ−
B, (4a)
u′ = u− + u− × t, (4b)
u+ = u− +
2
1 + t2
(
u′ × t
)
, (4c)
and the Coulomb-force part for the second half:
ut+
∆t
2 = u+ + ε∆t. (5)
In these equations, ε = (q/2m)Et, ωc = (qB/mγ
−) is the gyro frequency,
θ = 2t = ωc∆t is the gyration angle during ∆t, bˆ = B/|B| is a unit vector
in the B direction, u− and u+ are two intermediate states.
We focus on the Lorentz-force part in the middle (Eqs. (4a)–(4c)). This
2-step procedure is the Boris solver in a narrow sense. We refer to it as the
classical Boris solver. The procedure is illustrated in Figure 1(a). The coef-
ficient 2/(1 + t2) is provided such that the particle energy remains constant
in the Lorentz-force part, γ− = γ+ = γt. A base angle α is given by,
α ≡ arctan t (6)
We will use the following relations for α in subsequent discussions.
sinα =
t√
1 + t2
, cosα =
1√
1 + t2
, tanα = t (7)
sin 2α =
2t
1 + t2
, cos 2α =
1− t2
1 + t2
(8)
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From Eqs. (4b), (4c), and (8), we obtain
u+ =
1
1 + t2
(
(1− t2)u− + 2(u− × t) + 2(u− · t)t
)
(9)
= u− cos 2α + (u− × bˆ) sin 2α + (1− cos 2α)u−‖ (10)
= (u− − u−‖ ) cos 2α + (u− × bˆ) sin 2α + u−‖ , (11)
where the subscript ‖ indicates the component along B. These forms are
known as Euler–Rodrigues rotation formula. The equations correspond to
a rotation about the magnetic field by an approximate angle of 2α, instead
of the true angle θ. As indicated in Figure 1(a), the half acceleration in
the tangent direction (u−× t; Eq. (4b)) corresponds to the half approximate
angle α by the Boris solver. The true rotation angle θ contains a second-order
error of δθ/θ ≈ − 1
12
θ2.
θ ≈ 2α = 2 arctan θ
2
= θ
(
1− 1
3
(θ
2
)2
+
1
5
(θ
2
)4
− · · ·
)
. (12)
3. Multiple Boris solver
Umeda [6] has proposed a novel way to reduce the error (δθ/θ). He
employed a half timestep ∆t→ 1
2
∆t and then repeated the Boris procedure
twice. We call this method the double Boris solver, and it is illustrated in
Figure 1(b). Instead of Eq. (4a), we use
t ≡ θ
4
bˆ =
q∆t
4mγ−
B, α ≡ arctan t (13)
The base angle α is redefined, as indicated in Figure 1(b). Then, we repeat
the 2-step Boris procedure (Eqs. (4b) and (4c)) twice. We obtain a half state
u′′ by the first Boris procedure, which is given by Eq. (11) with Eq. (13).
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<latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit><latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit><latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit><latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit>
↵
<latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit><latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit><latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit><latexit sha1_base64="nMYYCCnF B0kJOAQez4b6EVfIOEs=">AAADh3ichVI9bxNBEH3OhZAESJzQINFYsSJRIG cdIki6AA1lUOIkkm1Zu+fFOeW+tHd2FJ3uD9DzIxA/gRYk/gAFP4GagoYi7 9bnIrGM93R3b2fem9mdGRX7XpIK8auy4CzeW7q/vLL64OGjtfXqxuZpEg2Nq 1tu5EfmXMlE+16oW6mX+vo8NloGytdn6vJt4T8baZN4UXiSXse6G8hB6H3w XJnS1KvuZB0bpG0GqpuJxt7Bvnhx8HwK5B3pxxcy71XroiHsqk2DZgnqKNdR tFGpoYM+IrgYIoBGiJTYh0TCp40mBGLaushoM0Se9WvkWKV2SJYmQ9J6ye+A u3ZpDbkvYiZW7TKLz9dQWcO2+Ck+iz/ih/gifot/M2NlNkZxlmv+1Vir497 6xyfHf6marVPk59gmX9nMfaKA3hQXc7NNeP/TG3tDjSt7s8D6QrIy+ka0u1Q X9etayyTG5B7FLkOd/rys5KxYA2aSxLndFTVVtj/53FP02avRlK7ouGt7ns 7JbErObX3HzsC4r9Rz5pp3J2wanO42msTv9+qHb8rpW8ZTbOEZK/AKh3iHI7 R4hk/4im/47qw4O85LZ39MXaiUmse4tZzXNyeyvfg=</latexit>
(a) Boris solver (b) Double Boris solver
u+
<latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="BHd3Sl7aP2BxNKkRIzzoC0XyaoQ=">AAADSHic hVLJTsJQFD2AIuIA7EzcEImJK/Nw49bEjUuMMiRKSFue2NApbcEQ0h9g61cYf8QfMMZPcO3CjSaePsoCCfKatucO5953B92zzCAU4j2VzqytZzdym/mt7fz ObqG43QjcgW/IuuFart/StUBapiProRlasuX5UrN1Szb1/nlsbw6lH5iucx2OPNm2tZ5j3pmGFlJV6xQr4lioU14E1QRUkBy3lCrjFl24MDCADQkHIbEFDQ GfG1Qh4FHXxpg6n8hUdokIeXIH9JL00Kjt89ujdJNoHcpxzECxDWax+PpklnEoXsWT+BQv4ll8iO+lscYqRnyXEf/6lCu9TmGyd/VF1nKeTv8Ih/TXVeYuk U1riPuV2WZ+//F9VaHEg6rMVjaHXmPahtQbZMf9ayvNLMasjlgao0J7lHRyWaweM2nEkZLinupqPtHKW3Q5q+ECL564oWYersjsJz7z/Fu1A9O5ks+Vq/5d sEXQODmuEl8K5LCPAxyx8FOc4QI11NV1JnhMv6V/MmvT1Uynkh0tYe5ksr8hmK5H</latexit><latexit sha1_base64="QJQISasCOAMHt7xpa1LuFoZYNMw=">AAADVHic hVK7TsJQGP4AL4g3cDJxIRISExNzcHE1cXHUKF4iSNpyxMbe0haMafoCrq76AMYX8QUcHB2dHVwc/HooAxLkNG2///L9//kvumeZQSjEeyabm5qemc3PFeY XFpeWi6WFk8Dt+oasG67l+me6FkjLdGQ9NENLnnm+1Gzdkqf6zV5iP+1JPzBd5zi882TT1jqOeWUaWkjVeaMnjagbX262ihWxJdQpj4JaCipIz4FbypTRQB suDHRhQ8JBSGxBQ8DnAjUIeNQ1EVHnE5nKLhGjQG6XXpIeGrU3/HYoXaRah3ISM1Bsg1ksvj6ZZVTFm3gWX+JVvIhP8TM2VqRiJHe541/vc6XXWr5fPfoma zxPp3+MKv11lblNZNMa4npitoHff3xfVShxqyqzlc2hV0Rbj3qD7KR/TaUZxBjUkUgRKrTHaSfHxeowk0YcKynpqa7mE0+8RZuz6o3wkokbaubhhMx+6jPM b6gd6M+VfO5c7e+GjYKT7a0a8aFAHmtYxwYL38Eu9nGAOlPbeMAjnrIfudncUn87s5l0TVcwdHLFX0ijshk=</latexit><latexit sha1_base64="wnZw/rosDQm35RL9qdz2hAzSmKk=">AAADVHic hVK7SsNQGP7aer+1dRJcikUQhHKqgroJLo6K1gu2SpIeazA3krRSQl7A1VUfQHwRX8DB0dHZwcXBL6fpIFJ7QpL/8n3/f/6L7llmEArxlsnmRkbHxicmp6Z nZufyheLMceC2fUPWDNdy/VNdC6RlOrIWmqElTz1farZuyRP9Zjfxn3SkH5iucxR2PdmwtZZjXpmGFtJ0Vu9II2rHF6uXhbKobGxvifXt0l+hWhHqlJGefb eYKaGOJlwYaMOGhIOQsgUNAZ9zVCHg0dZARJtPyVR+iRhT5LaJkkRotN7w26J2nlod6knMQLENZrH4+mSWsCxexZP4FC/iWXyI74GxIhUjuUuXf73Hld5l/ m7h8IuswTyd+BjLxOsqc5OSTW+I66HZ+rj/+L6qUOJWVWYrn0NURF+HdoPspH8NZenH6NeRaBHK9MdpJwfFajGTRjlWWtJTXc0nHnqLJmfV+cNLJm6omYdD Mvsp5je/rnagN1fyuXP9xSoNFo7XKlXKBwITWMQSVlj4Jnawh33UmNrGPR7wmH3PjefmetuZzaRrOo9fJ1f4AWGnsnw=</latexit><latexit sha1_base64="OKklI08EYzNlafZuysMNFNcOjz8=">AAADX3ic hVK7TuNQED2J2SW8AzQgmogIaSWk6AZWWtIhaChBEB4iAdnO3WDhl2wnCFn+AVpa+ADEj/ADW2xJSU1BQ8HxjVMgFHIt2/M4Z2buzBi+bYWREP9zeW3kx8/ Rwtj4xOTU9Exxdu4w9DqBKeumZ3vBsaGH0rZcWY+syJbHfiB1x7DlkXG5nfqPujIILc89iK592XT0tmv9tUw9oumk0ZVm3EnOVs+LZVH5XdsQ67XSV6FaEe qUkZ1dbzZXQgMteDDRgQMJFxFlGzpCPqeoQsCnrYmYtoCSpfwSCcbJ7RAlidBpveS3Te00s7rU05ihYpvMYvMNyCxhRfwTD+JVPIlH8SLeB8aKVYy0lmv+j R5X+uczNwv7b2QN5hnEJ1gh3lCZW5QceiNcDM3Wx33HD9QNJa7UzRzlc4mK6evSbpKd9q+pLP0Y/XukWowy/UnWyUGx2sykU06UlvbUUPNJhlbR4qy6X3jp xE0182hI5iDDfOY31A705ko+d66/WKXBwuFapUp5T5Q3t7LtK2AJy/jFDvzBJnawizprcHCLO9znn7VRbVor9qD5XMaZx6ejLX4AIZSzRA==</latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc=">AAADX3ic hVI9T9tQFD2J24bSNgmwFHWJGiFVqhS9lEjAhsrSEVRCUpE0sp3X1Iq/5I8gZPkPsHaFH1DxR/gDHToydmZg6dDjF2eIojTPsn0/zrn3vnuv4dtWGAnxu1D Unjx9Vlp7vv7i5atypbqxeRZ6cWDKtunZXtA19FDalivbkRXZsusHUncMW3aM8VHm70xkEFqeexpd+rLv6CPX+maZekTTl95Emkmcfn0/qNZFo3WwL3YPao tCsyHUqSM/x95GoYYehvBgIoYDCRcRZRs6Qj7naELAp62PhLaAkqX8EinWyY2JkkTotI75HVE7z60u9SxmqNgms9h8AzJr2BG/xE/xIO7Erfgj/i6NlagYW S2X/BtTrvQHlavXnx/JWs4ziE+xQ7yhMg8pOfRG+L4y2wz3P36gbihxoW7mKJ9LVELfhHaT7Kx/fWWZxZjdI9MS1OlP804uizViJp1yqrSsp4aaT7qyiiFn NVngZRM31cyjFZmDHDPP76kdmM6VfO7cbLFqy4WzD40m5ZNW/fBjvn1reIO3eMcO7OEQn3CMNmtw8APXuCneayWtrFWn0GIh52xh7mjb/wAi1LNI</latex it>
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<latexit sha1_base64="2D/uO79z anxHoZtPQ1qM2buUv7E=">AAADXnichVI5TsNAFH2J2bewNEg0ERGCKpoAEt AhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l /f+n78Yvm2FkRBvubw2NDwyOjY+MTk1PVOYnZs/Db12YMqq6dleUDP0UNqWK 6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZ vZgtifLmzrbY2Cn+FSploU4J2Tn05nJF1NGEBxNtOJBwEVG2oSPkc44KBHza GohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/i RTyLD/HdN1asYqR3ueXf6HKlf1G4Wzz+Iqs/zyA+wQrxhsrcpOTQG+FqYLY e7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpS W9tRQ80kG3qLJWXX+8NKJm2rm0YDMQYb5za+rHejOlXzuXG+xiv2F0/Vyhf LRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9 fqstw=</latexit><latexit sha1_base64="2D/uO79z anxHoZtPQ1qM2buUv7E=">AAADXnichVI5TsNAFH2J2bewNEg0ERGCKpoAEt AhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l /f+n78Yvm2FkRBvubw2NDwyOjY+MTk1PVOYnZs/Db12YMqq6dleUDP0UNqWK 6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZ vZgtifLmzrbY2Cn+FSploU4J2Tn05nJF1NGEBxNtOJBwEVG2oSPkc44KBHza GohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/i RTyLD/HdN1asYqR3ueXf6HKlf1G4Wzz+Iqs/zyA+wQrxhsrcpOTQG+FqYLY e7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpS W9tRQ80kG3qLJWXX+8NKJm2rm0YDMQYb5za+rHejOlXzuXG+xiv2F0/Vyhf LRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9 fqstw=</latexit><latexit sha1_base64="2D/uO79z anxHoZtPQ1qM2buUv7E=">AAADXnichVI5TsNAFH2J2bewNEg0ERGCKpoAEt AhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l /f+n78Yvm2FkRBvubw2NDwyOjY+MTk1PVOYnZs/Db12YMqq6dleUDP0UNqWK 6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZ vZgtifLmzrbY2Cn+FSploU4J2Tn05nJF1NGEBxNtOJBwEVG2oSPkc44KBHza GohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/i RTyLD/HdN1asYqR3ueXf6HKlf1G4Wzz+Iqs/zyA+wQrxhsrcpOTQG+FqYLY e7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpS W9tRQ80kG3qLJWXX+8NKJm2rm0YDMQYb5za+rHejOlXzuXG+xiv2F0/Vyhf LRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9 fqstw=</latexit><latexit sha1_base64="2D/uO79z anxHoZtPQ1qM2buUv7E=">AAADXnichVI5TsNAFH2J2bewNEg0ERGCKpoAEt AhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l /f+n78Yvm2FkRBvubw2NDwyOjY+MTk1PVOYnZs/Db12YMqq6dleUDP0UNqWK 6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZ vZgtifLmzrbY2Cn+FSploU4J2Tn05nJF1NGEBxNtOJBwEVG2oSPkc44KBHza GohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/i RTyLD/HdN1asYqR3ueXf6HKlf1G4Wzz+Iqs/zyA+wQrxhsrcpOTQG+FqYLY e7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpS W9tRQ80kG3qLJWXX+8NKJm2rm0YDMQYb5za+rHejOlXzuXG+xiv2F0/Vyhf LRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9 fqstw=</latexit>
u0
<latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E=">AAADXnic hVI5TsNAFH2J2bewNEg0ERGCKpoAEtAhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l/f+n78Yvm2FkRBvubw2NDwyOjY+MTk 1PVOYnZs/Db12YMqq6dleUDP0UNqWK6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZvZgtifLmzrbY2Cn+FSploU4J2Tn05n JF1NGEBxNtOJBwEVG2oSPkc44KBHzaGohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/iRTyLD/HdN1asYqR3ueXf6HKlf1G4W zz+Iqs/zyA+wQrxhsrcpOTQG+FqYLYe7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpSW9tRQ80kG3qLJWXX+8NKJm2rm0YDM QYb5za+rHejOlXzuXG+xiv2F0/VyhfLRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9fqstw=</latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E=">AAADXnic hVI5TsNAFH2J2bewNEg0ERGCKpoAEtAhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l/f+n78Yvm2FkRBvubw2NDwyOjY+MTk 1PVOYnZs/Db12YMqq6dleUDP0UNqWK6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZvZgtifLmzrbY2Cn+FSploU4J2Tn05n JF1NGEBxNtOJBwEVG2oSPkc44KBHzaGohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/iRTyLD/HdN1asYqR3ueXf6HKlf1G4W zz+Iqs/zyA+wQrxhsrcpOTQG+FqYLYe7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpSW9tRQ80kG3qLJWXX+8NKJm2rm0YDM QYb5za+rHejOlXzuXG+xiv2F0/VyhfLRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9fqstw=</latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E=">AAADXnic hVI5TsNAFH2J2bewNEg0ERGCKpoAEtAhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l/f+n78Yvm2FkRBvubw2NDwyOjY+MTk 1PVOYnZs/Db12YMqq6dleUDP0UNqWK6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZvZgtifLmzrbY2Cn+FSploU4J2Tn05n JF1NGEBxNtOJBwEVG2oSPkc44KBHzaGohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/iRTyLD/HdN1asYqR3ueXf6HKlf1G4W zz+Iqs/zyA+wQrxhsrcpOTQG+FqYLYe7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpSW9tRQ80kG3qLJWXX+8NKJm2rm0YDM QYb5za+rHejOlXzuXG+xiv2F0/VyhfLRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9fqstw=</latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E=">AAADXnic hVI5TsNAFH2J2bewNEg0ERGCKpoAEtAhaChBEIhEImQ7Q7DwJtsJQpYvQEkLF0BchAtQ0NFSU9BQ8DxxCoRCxrL9l/f+n78Yvm2FkRBvubw2NDwyOjY+MTk 1PVOYnZs/Db12YMqq6dleUDP0UNqWK6uRFdmy5gdSdwxbnhnX+6n/rCOD0PLck+jWlw1Hb7nWpWXqEU21ekeacTtZvZgtifLmzrbY2Cn+FSploU4J2Tn05n JF1NGEBxNtOJBwEVG2oSPkc44KBHzaGohpCyhZyi+RYILcNlGSCJ3Wa35b1M4zq0s9jRkqtsksNt+AzCJWxKt4Ep/iRTyLD/HdN1asYqR3ueXf6HKlf1G4W zz+Iqs/zyA+wQrxhsrcpOTQG+FqYLYe7j9+oCqUuFGVOcrnEhXT16HdJDvtX0NZejF6daRajBL9SdbJfrFazKRTTpSW9tRQ80kG3qLJWXX+8NKJm2rm0YDM QYb5za+rHejOlXzuXG+xiv2F0/VyhfLRZml3L9u+MSxhGWvswBZ2cYBDVNVm3eMBj/l3bUSb1gpdaD6XcRbw62iLP9fqstw=</latexit>
u+exact
<latexit sha1_b ase64="sr0WCmcpZ2nM8+P2OMwqm+c noZo=">AAADb3ichVLLTttAFD2J+6D 0QWgXIFVCViOkVpXQBFVii+imSyoII JE0sifT1MIvjScBZPkH+htdVW3/oz /QRT+hS8SCDQuOJ84CojRj2T5z7zn3 ztx7/TQMMiPE31rduXf/wcOFR4uPnz x9ttRYfn6QJUMtVVsmYaKPfC9TYRCr tglMqI5SrbzID9Whf/K+9B+OlM6CJN 4356nqRt4gDj4H0jM09RornZGS+bD 4lL8tenlHR64686Qpeo2m2BB2udOgV YEmqrWbLNdcdNBHAokhIijEMMQhPGR 8jtGCQEpbFzltmiiwfoUCi9QOyVJke LSe8Dvg7riyxtyXMTOrlswS8tVUul gXf8R3cSl+ix/in7ieGSu3McqznPPv j7Uq7S19Xd27omq2zie/wDr5vs3cJ4 roNfgyN9uE9z+9tjdUOLU3i6wvJiun b0S7pLqsX9daJjEm9yh3OZr0F1UlZ 8UaMJNHXNhdWVPf9qeYe4o+ezWa0pU dl7bnZk5mXXFu6zt2BsZ9pZ4z17o7Y dPgYHOjRfzxXXN7p5q+BbzEK7xmBba wjQ/YRdvW7Bt+4lf9wllx1hx3TK3XK s0L3FrOmxsQMblh</latexit><latexit sha1_b ase64="sr0WCmcpZ2nM8+P2OMwqm+c noZo=">AAADb3ichVLLTttAFD2J+6D 0QWgXIFVCViOkVpXQBFVii+imSyoII JE0sifT1MIvjScBZPkH+htdVW3/oz /QRT+hS8SCDQuOJ84CojRj2T5z7zn3 ztx7/TQMMiPE31rduXf/wcOFR4uPnz x9ttRYfn6QJUMtVVsmYaKPfC9TYRCr tglMqI5SrbzID9Whf/K+9B+OlM6CJN 4356nqRt4gDj4H0jM09RornZGS+bD 4lL8tenlHR64686Qpeo2m2BB2udOgV YEmqrWbLNdcdNBHAokhIijEMMQhPGR 8jtGCQEpbFzltmiiwfoUCi9QOyVJke LSe8Dvg7riyxtyXMTOrlswS8tVUul gXf8R3cSl+ix/in7ieGSu3McqznPPv j7Uq7S19Xd27omq2zie/wDr5vs3cJ4 roNfgyN9uE9z+9tjdUOLU3i6wvJiun b0S7pLqsX9daJjEm9yh3OZr0F1UlZ 8UaMJNHXNhdWVPf9qeYe4o+ezWa0pU dl7bnZk5mXXFu6zt2BsZ9pZ4z17o7Y dPgYHOjRfzxXXN7p5q+BbzEK7xmBba wjQ/YRdvW7Bt+4lf9wllx1hx3TK3XK s0L3FrOmxsQMblh</latexit><latexit sha1_b ase64="sr0WCmcpZ2nM8+P2OMwqm+c noZo=">AAADb3ichVLLTttAFD2J+6D 0QWgXIFVCViOkVpXQBFVii+imSyoII JE0sifT1MIvjScBZPkH+htdVW3/oz /QRT+hS8SCDQuOJ84CojRj2T5z7zn3 ztx7/TQMMiPE31rduXf/wcOFR4uPnz x9ttRYfn6QJUMtVVsmYaKPfC9TYRCr tglMqI5SrbzID9Whf/K+9B+OlM6CJN 4356nqRt4gDj4H0jM09RornZGS+bD 4lL8tenlHR64686Qpeo2m2BB2udOgV YEmqrWbLNdcdNBHAokhIijEMMQhPGR 8jtGCQEpbFzltmiiwfoUCi9QOyVJke LSe8Dvg7riyxtyXMTOrlswS8tVUul gXf8R3cSl+ix/in7ieGSu3McqznPPv j7Uq7S19Xd27omq2zie/wDr5vs3cJ4 roNfgyN9uE9z+9tjdUOLU3i6wvJiun b0S7pLqsX9daJjEm9yh3OZr0F1UlZ 8UaMJNHXNhdWVPf9qeYe4o+ezWa0pU dl7bnZk5mXXFu6zt2BsZ9pZ4z17o7Y dPgYHOjRfzxXXN7p5q+BbzEK7xmBba wjQ/YRdvW7Bt+4lf9wllx1hx3TK3XK s0L3FrOmxsQMblh</latexit><latexit sha1_b ase64="sr0WCmcpZ2nM8+P2OMwqm+c noZo=">AAADb3ichVLLTttAFD2J+6D 0QWgXIFVCViOkVpXQBFVii+imSyoII JE0sifT1MIvjScBZPkH+htdVW3/oz /QRT+hS8SCDQuOJ84CojRj2T5z7zn3 ztx7/TQMMiPE31rduXf/wcOFR4uPnz x9ttRYfn6QJUMtVVsmYaKPfC9TYRCr tglMqI5SrbzID9Whf/K+9B+OlM6CJN 4356nqRt4gDj4H0jM09RornZGS+bD 4lL8tenlHR64686Qpeo2m2BB2udOgV YEmqrWbLNdcdNBHAokhIijEMMQhPGR 8jtGCQEpbFzltmiiwfoUCi9QOyVJke LSe8Dvg7riyxtyXMTOrlswS8tVUul gXf8R3cSl+ix/in7ieGSu3McqznPPv j7Uq7S19Xd27omq2zie/wDr5vs3cJ4 roNfgyN9uE9z+9tjdUOLU3i6wvJiun b0S7pLqsX9daJjEm9yh3OZr0F1UlZ 8UaMJNHXNhdWVPf9qeYe4o+ezWa0pU dl7bnZk5mXXFu6zt2BsZ9pZ4z17o7Y dPgYHOjRfzxXXN7p5q+BbzEK7xmBba wjQ/YRdvW7Bt+4lf9wllx1hx3TK3XK s0L3FrOmxsQMblh</latexit>
u+exact
<latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo=">AAADb3ic hVLLTttAFD2J+6D0QWgXIFVCViOkVpXQBFVii+imSyoIIJE0sifT1MIvjScBZPkH+htdVW3/oz/QRT+hS8SCDQuOJ84CojRj2T5z7zn3ztx7/TQMMiPE31r duXf/wcOFR4uPnzx9ttRYfn6QJUMtVVsmYaKPfC9TYRCrtglMqI5SrbzID9Whf/K+9B+OlM6CJN4356nqRt4gDj4H0jM09RornZGS+bD4lL8tenlHR64686 Qpeo2m2BB2udOgVYEmqrWbLNdcdNBHAokhIijEMMQhPGR8jtGCQEpbFzltmiiwfoUCi9QOyVJkeLSe8Dvg7riyxtyXMTOrlswS8tVUulgXf8R3cSl+ix/in 7ieGSu3McqznPPvj7Uq7S19Xd27omq2zie/wDr5vs3cJ4roNfgyN9uE9z+9tjdUOLU3i6wvJiunb0S7pLqsX9daJjEm9yh3OZr0F1UlZ8UaMJNHXNhdWVPf 9qeYe4o+ezWa0pUdl7bnZk5mXXFu6zt2BsZ9pZ4z17o7YdPgYHOjRfzxXXN7p5q+BbzEK7xmBbawjQ/YRdvW7Bt+4lf9wllx1hx3TK3XKs0L3FrOmxsQMbl h</latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo=">AAADb3ic hVLLTttAFD2J+6D0QWgXIFVCViOkVpXQBFVii+imSyoIIJE0sifT1MIvjScBZPkH+htdVW3/oz/QRT+hS8SCDQuOJ84CojRj2T5z7zn3ztx7/TQMMiPE31r duXf/wcOFR4uPnzx9ttRYfn6QJUMtVVsmYaKPfC9TYRCrtglMqI5SrbzID9Whf/K+9B+OlM6CJN4356nqRt4gDj4H0jM09RornZGS+bD4lL8tenlHR64686 Qpeo2m2BB2udOgVYEmqrWbLNdcdNBHAokhIijEMMQhPGR8jtGCQEpbFzltmiiwfoUCi9QOyVJkeLSe8Dvg7riyxtyXMTOrlswS8tVUulgXf8R3cSl+ix/in 7ieGSu3McqznPPvj7Uq7S19Xd27omq2zie/wDr5vs3cJ4roNfgyN9uE9z+9tjdUOLU3i6wvJiunb0S7pLqsX9daJjEm9yh3OZr0F1UlZ8UaMJNHXNhdWVPf 9qeYe4o+ezWa0pUdl7bnZk5mXXFu6zt2BsZ9pZ4z17o7YdPgYHOjRfzxXXN7p5q+BbzEK7xmBbawjQ/YRdvW7Bt+4lf9wllx1hx3TK3XKs0L3FrOmxsQMbl h</latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo=">AAADb3ic hVLLTttAFD2J+6D0QWgXIFVCViOkVpXQBFVii+imSyoIIJE0sifT1MIvjScBZPkH+htdVW3/oz/QRT+hS8SCDQuOJ84CojRj2T5z7zn3ztx7/TQMMiPE31r duXf/wcOFR4uPnzx9ttRYfn6QJUMtVVsmYaKPfC9TYRCrtglMqI5SrbzID9Whf/K+9B+OlM6CJN4356nqRt4gDj4H0jM09RornZGS+bD4lL8tenlHR64686 Qpeo2m2BB2udOgVYEmqrWbLNdcdNBHAokhIijEMMQhPGR8jtGCQEpbFzltmiiwfoUCi9QOyVJkeLSe8Dvg7riyxtyXMTOrlswS8tVUulgXf8R3cSl+ix/in 7ieGSu3McqznPPvj7Uq7S19Xd27omq2zie/wDr5vs3cJ4roNfgyN9uE9z+9tjdUOLU3i6wvJiunb0S7pLqsX9daJjEm9yh3OZr0F1UlZ8UaMJNHXNhdWVPf 9qeYe4o+ezWa0pUdl7bnZk5mXXFu6zt2BsZ9pZ4z17o7YdPgYHOjRfzxXXN7p5q+BbzEK7xmBbawjQ/YRdvW7Bt+4lf9wllx1hx3TK3XKs0L3FrOmxsQMbl h</latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo=">AAADb3ic hVLLTttAFD2J+6D0QWgXIFVCViOkVpXQBFVii+imSyoIIJE0sifT1MIvjScBZPkH+htdVW3/oz/QRT+hS8SCDQuOJ84CojRj2T5z7zn3ztx7/TQMMiPE31r duXf/wcOFR4uPnzx9ttRYfn6QJUMtVVsmYaKPfC9TYRCrtglMqI5SrbzID9Whf/K+9B+OlM6CJN4356nqRt4gDj4H0jM09RornZGS+bD4lL8tenlHR64686 Qpeo2m2BB2udOgVYEmqrWbLNdcdNBHAokhIijEMMQhPGR8jtGCQEpbFzltmiiwfoUCi9QOyVJkeLSe8Dvg7riyxtyXMTOrlswS8tVUulgXf8R3cSl+ix/in 7ieGSu3McqznPPvj7Uq7S19Xd27omq2zie/wDr5vs3cJ4roNfgyN9uE9z+9tjdUOLU3i6wvJiunb0S7pLqsX9daJjEm9yh3OZr0F1UlZ8UaMJNHXNhdWVPf 9qeYe4o+ezWa0pUdl7bnZk5mXXFu6zt2BsZ9pZ4z17o7YdPgYHOjRfzxXXN7p5q+BbzEK7xmBbawjQ/YRdvW7Bt+4lf9wllx1hx3TK3XKs0L3FrOmxsQMbl h</latexit>
u00
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Figure 1: (a) classical Boris solver and (b) double Boris solver.
Applying ·bˆ to Eq. (11), one can confirm that the parallel component is
preserved, u′′‖ = (u
′′ · bˆ)bˆ = u−‖ . Substituting u′′ to Eq. (11) again, we obtain
the next state u+,
u+ = (u′′ − u−‖ ) cos 2α + (u′′ × bˆ) sin 2α + u′′‖ (14)
= (u− − u−‖ ) cos 4α + (u− × bˆ) sin 4α + u−‖ (15)
The second Boris operation advances the phase angle by +2α, and the entire
procedure gives gyration by 4α. Now we obtain a smaller second-order error,
δθ/θ ≈ − 1
48
θ2.
θ ≈ 4α = 4 arctan θ
4
= θ
(
1− 1
3
(θ
4
)2
+
1
5
(θ
4
)4
− · · ·
)
. (16)
Let us extend this idea. In order to better approximate the gyro motion,
we propose to adjust the rotation angle. The method is equivalent to repeat
the Boris operation n times, where n is an arbitrary positive integer. We call
6
the resulting schemes “multiple Boris solvers.” Here below, we describe its
procedure.
We define the tangent vector t and the base angle α in the following way
t ≡ θ
2n
bˆ =
q∆t
2nmγ−
B, α ≡ arctan t. (17)
Note that t is divided by n. From the discussion on the double Boris solver,
repeating the Boris operation n times, one can obtain a rotation angle of
2nα. The next state u+n should be given by
u+n = (u
− − u−‖ ) cos(2nα) + (u− × bˆ) sin(2nα) + u−‖ (18)
The subscript n indicates quantities for the n-tuple solver. For brevity, we
hereafter omit the minus sign from u−. Since we desire a simulation-friendly
expression with t, we modify Eq. (18) to
u+n = cos(2nα)u+
sin(2nα)
t
(u× t) + 2 sin
2(nα)
t2
(u · t)t (19)
= cn1u+ cn2 (u× t) + cn3(u · t)t (20)
where cn1, cn2, and cn3 are coefficients.
Next, we construct generic expressions for these coefficients. We use
Chebyshev polynomials of the first kind Tn(x) : T0(x) = 1, T1(x) = x, T2(x) =
2x2 − 1, . . . and the second kind Un(x) : U0(x) = 1, U1(x) = 2x, U2(x) =
4x2 − 1, . . . . They satisfy useful relations:
cosnx = Tn(cosx), sinnx = sinx Un−1(cosx) (21)
We also employ
p ≡ cos 2α = 1− t
2
1 + t2
, 1 + p =
sin 2α
t
=
2
1 + t2
. (22)
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With help from Eqs. (7), (8), (21), and (22), we express the coefficients in
Eq. (20) in the following way,
cn1 = Tn(cos 2α) = Tn(p) (23)
cn2 =
1
t
sin 2α Un−1(cos 2α) = (1 + p)Un−1(p) (24)
cn3 =

1 + p (for n = 1)
(1 + p)
(
Uk(p) + Uk−1(p)
)2
(for n = 2k + 1)
2
(
(1 + p)Uk−1(p)
)2
(for n = 2k)
(25)
Here, k is a positive integer. We derive Eq. (25) for n = 2k+1 (n = 3, 5, . . . )
in Appendix A. Practically, we compute p first, and then calculate Eqs. (23)-
(25) by using p. Some higher-order polynomials can be calculated via nesting
relations [9]:
Tmn(x) = Tm(Tn(x)), Umn−1(x) = Um−1(Tn(x))Un−1(x) (26)
We can also express the coefficients with t. From the polynomials,
cn1 = Tn
(1− t2
1 + t2
)
(27)
cn2 =
2
1 + t2
Un−1
(1− t2
1 + t2
)
(28)
cn3 =

2
1+t2
(for n = 1)
2
1+t2
(
Uk
(
1−t2
1+t2
)
+ Uk−1
(
1−t2
1+t2
))2
(for n = 2k + 1)
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(1+t2)2
(
Uk−1
(
1−t2
1+t2
))2
(for n = 2k)
(29)
we can obtain explicit forms, for example,
c11 =
1− t2
1 + t2
, c12 =
2
1 + t2
, c13 =
2
1 + t2
, (30)
c21 =
1− 6t2 + t4
(1 + t2)2
, c22 =
4(1− t2)
(1 + t2)2
, c23 =
8
(1 + t2)2
, (31)
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c31 =
1− 15t2 + 15t4 − t6
(1 + t2)3
,
c32 =
2(t2 − 3)(3t2 − 1)
(1 + t2)3
, c33 =
2(t2 − 3)2
(1 + t2)3
, (32)
c41 =
(
(1− t2)2 − 24t2)(1− t2)2 + 16t4
(1 + t2)4
=
1− 28t2 + 70t4 − 28t6 + t8
(1 + t2)4
,
c42 =
8(1− t2)(1− 6t2 + t4)
(1 + t2)4
, c43 =
32(1− t2)2
(1 + t2)4
(33)
Note that the cn1, cn2, and cn3 share the same denominator, (1 + t
2)n. One
can confirm this by inspecting Eqs. (27)–(29).
The obtained schemes have a nice property for stable solvers: time sym-
metry. One can see that the procedures in Eqs. (18)–(20) are symmetric
in time. In such a case, it is unlikely that the solvers numerically damp
or amplify a motion in one time direction. Procedures in the reverse-time
direction are obtained by reversing the sign of the second coefficient, i.e.,
c−n1 = cn1, c−n2 = −cn2, and c−n3 = cn3. It is obvious that c01 = 1, c02 = 0,
and c03 = 0 for n = 0. As a result, we have the coefficients not only for
positive integers, but also for any integer n.
The multiple Boris solves provide a second-order error in phase angle.
From Eq. (17), we obtain
θ ≈ 2nα = 2n arctan θ
2n
= θ
(
1− θ
2
12n2
+
θ4
80n4
− · · ·
)
. (34)
Thus, the multiple Boris solvers provide n2 times smaller errors than the
single Boris solver. Eq. (34) obviously approaches the exact angle for n→∞.
In Figure 2(a), we plot relative accuracy in phase angle, θ−1·2n arctan(θ/2n),
for several n. In the classical Boris solver, which is equivalent to the n = 1
9
(a)
(b)
Figure 2: (a) Relative accuracy in phase angle and (b) relative length of Larmor radius
for the multiple Boris solvers.
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case, we typically set θ = ωc∆t < 0.2–0.3 to keep an error within 1%. Con-
sidering θ2/(12n2) . 0.01, we obtain
θ . 0.35n. (35)
The multiple Boris solvers allow n-times larger timestep than the single Boris
solver.
Next, we evaluate an effective Larmor radius. We consider a simple gy-
ration about B in the case of E = 0. From Eq. (1), we obtain
∣∣xt+∆t − xt∣∣ = ∣∣ut+ ∆t2 ∣∣
γt+
∆t
2
∆t = |vR|∆t, (36)
where vR is the velocity. The two points x
t+∆t and xt are located on the same
circle with a Larmor radius of r′L. The two points should be two endpoints
of an arc with a central angle 2nα. Then we expect
|xt+∆t − xt| = 2r′L sin
(2nα
2
)
. (37)
From Eqs. (36) and (37), we obtain
r′L =
|vR|∆t
2 sin(nα)
= rL
θ
2 sin(nα)
(38)
where rL = |vR|/ωc is a physical Larmor radius. For n = 1, we obtain
a familiar result of r′L = rL[1 + (θ/2)
2]1/2 from Eq. (7). In general cases,
Eq. (38) can be expanded to
r′L = rL
(
1 +
[ 1
24
+
1
12n2
]
θ2 +
7n4 − 20n2 − 32
5760n4
θ4 +O(θ6)
)
(39)
Figure 2(b) shows the relative length of Larmor radius, r′L/rL = θ/[2 sin(nα)].
In the square brackets in Eq. (39), the first term is insensitive to n, while the
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second depends on n. Thus, higher n does not allow n-times larger timestep.
To keep an error within ≈ 1%, we need to limit the timestep to
θ = ωc∆t . 0.5
√
n2
n2 + 2
. (40)
For n → ∞, we find ωc∆t < 0.5. If we set the threshold to %, both
Eqs. (35) and (40) can be relaxed by a factor of
√
. For example, Eq. (40)
gives ωc∆t < 1 for 4%.
4. Numerical tests
To evaluate the new solvers, we have carried out three numerical tests.
The following ten particle integrators are compared:
1. Classical Boris solver (Eqs. (4a)–(4c)),
2. Single Boris solver (n = 1; Eqs. (20), (30))
3. Double Boris solver (n = 2; Eqs. (20), (31))
4. Quadruple Boris solver (n = 4; Eqs. (20), (33)).
5. Octuple Boris solver (n = 8; Eqs. (20), (22)–(25)).
6. 16x Boris solver (n = 16; Eqs. (20), (22)–(25)).
7. 32x Boris solver (n = 32; Eqs. (20), (22)–(25)).
8. Umeda solver (N = 3) [6]
9. Umeda solver (N = 4) [7]
10. Exact-gyration solver [8]
The first one is the classical Boris solver [1, 2]. The next six are the
multiple Boris solvers with n = 1, n = 2, n = 4, n = 8, n = 16, and n = 32.
The coefficients are given by Eqs. (30)–(33) or Eqs. (23)–(25). We refer to
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them as the single, double, quadruple, octuple, 16x and 32x Boris solvers,
respectively. The next two are the Umeda solvers with N = 3 steps [6] and
N = 4 steps [7]. We follow procedures in Eqs. (8)–(10) in Ref. [7]. As they
contain 2N−2 Boris elements, they are equivalent to the double and quadruple
Boris solvers. The last one is Zenitani & Umeda [8]’s solver, which directly
calculates Euler’s rotation formula:
θ ≡ qB
mγ
∆t, (41)
u‖ = (u · bˆ) bˆ (42)
u+ = u‖ + (u− u‖) cos θ + (u× bˆ) sin θ (43)
By definition, this solver does not produce an error during the gyration phase.
We refer to it as the exact-gyration solver. Since it uses trigonometric func-
tions, its computation cost is usually higher than those of polynomial-based
solvers.
In the first test, we have run test-particle simulations in a static magnetic
field B = (0, 0, 1) and E = (0, 0, 0). Parameters are set to m = 1, q = 1,
and c = 1. The initial condition is u(t = 0) = (1, 0, 0) and the timestep
is set to ∆t = pi/60, pi/20, pi/6, or pi/2. We have calculated errors in u
from the analytic solutions. We have run the simulations until t = 12pi, and
then we have evaluated the maximum errors in a 4-vector, {|δu|/|u|}max.
Since ωc = qB/(mγ) = 1/
√
2, the interval 12pi corresponds to ≈ 4 rotations.
This test is a subset of numerical tests in our recent study [8]. The other
tests for the E 6= 0 cases are not presented. Here, almost all of the solvers
are combinations of the exact-gyration solver for the Coulomb-force part
(Eqs. (3) and (5)) and the second-order solver for the Lorentz-force part.
13
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Figure 3: Normalized errors in u by the test-particle simulations as a function of θ = ωc∆t.
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These solvers only differ in the Lorentz-force part.
Figure 3 shows the results as a function of ∆t. Errors by the classical
Boris solver and the Umeda solvers are not presented, because the errors are
identical to those by the single, double, and quadruple Boris solvers. One
can see that the multiple Boris schemes give second-order errors with respect
to ∆t. The errors also scale like ∝ n−2. This is because the error simply
accumulates in the interval of our interest. From Eq. (34), the errors can be
estimated to δθ ≈ (ωc12pi) 112(ωc∆t/n)2 = (pi/
√
2)(ωc∆t/n)
2. The results are
in excellent agreement with the prediction. Meanwhile, the exact-gyration
solver only gives small errors of O(10−13) ∼ O(10−14).
In the second test, we have measured elapse times of the simulations.
Since algorithms’ performance relies on CPU architectures, we have run the
code on Intel and SPARC processors. We have compiled the program on an
Intel Core i7 processor with Intel Fortran compiler 2019. For each solver,
we have run the program for 1.2 × 107 timesteps. We have measured the
elapse time six times for every cases. The black bars in Figure 4 show the
results, in normalized units. We have also benchmarked the program on a
SPARC processor with FUJITSU Fortran compiler on FX100 supercomputer
at the Japan Aerospace Exploration Agency (JAXA). The elapsed times are
averaged over three runs, because the results on the SPARC processor have
less variations than those on the Intel processor. The results are presented in
the gray bars in Figure 4. To emphasize the difference, the leftmost value is
set to 0.5. Note that we show total elapse time of test-particle simulations.
The programs contain not only the Lorentz-force part, but also the Coulomb-
force parts (Eqs. (3) and (5)) and the position part (Eq. (1)). Thus the results
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Figure 4: Benchmark results of the test-particle simulations. The average elapse times
(in seconds) are normalized to those of the classical Boris solver.
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# B E
1 (0,0,0) (1,0,0) direct acceleration by E
2 (0,0,0.1) (1,0,0) E-dominated
3 (0,0,1) (1,0,0) |E| = c|B|
4 (0,0,1) (0.1,0,0) E×B drift
5 (0,0,1) (0,0,0) gyration about B
Table 1: Field settings for test-particle simulations.
are not proportional to, but highly affected by the computation time of the
Lorentz-force solvers.
As far as we have tested, the new solvers are adequately fast. On the Intel
processor, they are slower than the classical Boris solver, but faster than the
Umeda solvers and the exact-gyration solver except for the n = 32 case.
The multiple Boris solvers become slower as n increases. On the SPARC
processor, the new solvers are more promising than on the Intel processor.
Some of them (n = 1–4) are 50% faster than the exact-gyration solver and
even faster than the classical Boris solver. It is noteworthy that the double
Boris solver (n = 2) is significantly faster than the Umeda solver (N = 3),
although the two solvers are equivalent. Similarly, the quadruple Boris solver
(n = 4) is faster than the Umeda solver (N = 4). Surprisingly, even the 32x
Boris solver (n = 32) looks as good as the Umeda solver (N = 3), even
though it gives 256 times higher accuracy.
In the third test, we have run test-particle simulations with the single
(n = 1) Boris solver, the quadruple (n = 4) Boris solver, and the exact-
gyration solver in various configurations. We consider five configurations,
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Figure 5: Normalized errors in u in the test-particle simulations, as a function of θ =
ωc∆t. The single (n = 1) Boris solver (dotted lines), the quadruple (n = 4) solver (solid
lines) and the exact-gyration solver (dashdotted lines) are tested in five configurations
(colors; Table 1).
18
as shown in Table 1. In cases 1 and 2, the electric field E is dominant:
|E|  c|B|. In case 3, the electric and magnetic fields are equal: |E| =
c|B|. In cases 4 and 5, the magnetic field B is dominant: |E|  c|B|. In
particular, case 5 stands for the gyration about B, as studied in the first
test. Other parameters, timesteps, and the initial conditions are similar to
those in the first test. We evaluate maximum values of the normalized error
(|δu|/|u|)max during the time interval of 0 < t < 12pi. Here, δu is deviations
from analytic solutions (cases 1 and 5) or numerical reference values (cases
2–4). We obtain the numerical reference values by using the exact-gyration
solver with a ∆t = pi/240. These configurations and procedures are the same
as in Ref. [8].
Figure 5 shows the errors as a function of the timestep. The dotted, solid,
and dashdotted lines indicate the results by the single (n = 1) Boris solver,
the quadruple (n = 4) solver, and the exact-gyration solver, respectively. In
case 1 (in red) by the three solvers and case 5 by the exact-gyration solver,
one can essentially see no error. All the other curves suggest the second-
order accuracy. In cases 2 and 3, the three solvers return similar results.
Meanwhile, in cases 4 and 5, their results are different. The quadruple Boris
solver provides 10.9–16.5 times smaller errors than the single Boris solver,
as emphasized by the solid arrows in green and blue. The improvement is
asymptotic to 16 for ωc∆t 1 in case 5. The exact-gyration solver provides
even better results, as indicated by the dashed arrows. The quadruple Boris
solver provides similar errors in cases 4 and 5. So does the single Boris solver.
It appears that the accuracy in the Lorentz-force solver (case 5) limits the
overall accuracy for |E|  c|B| (case 4).
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5. Discussion and Summary
We have proposed the multiple Boris integrators that virtually use the
Boris solvers n times. The schemes provide second-order but n2-times smaller
errors (Eq. (34)) than the classical Boris solver. The coefficients are given
by either the generic forms of p (Eqs. (22)–(25)), the generic forms of t
(Eqs. (27)–(29)), or the explicit forms (Eqs. (30)–(33)). In our experience,
the generic forms with p are useful for large n. For small n (n ≤ 4), we
prefer the explicit form, because we can further optimize the code. In our
implementation for n = 1 . . . 4, we have calculated the numerators and de-
nominators in Eqs. (30)–(33) separately, because the explicit forms share
the same denominator, (1 + t2)n. We further multiply the numerators and
denominators by γ2n, because t contains 1/γ (Eq. (17)).
The new solvers are developed in the same spirit as in the multistep Boris
solvers [6, 7], but ours are constructed from a different angle. We virtually
divide the rotation angle into n Boris units. This n is arbitrary and not
limited to 2N−2. Thus one can choose the best n for one’s application. In
addition, we calculate the vector equation (Eq. (20)) only once, because we
prepare the coefficients in advance. The coefficients are rational fractions,
and so it is easy to calculate them. Consequently, the program runs efficiently,
as evident in the benchmark results.
We have also evaluated numerical accuracy of several solvers in general
cases of B 6= 0 and E 6= 0. Figure 5 demonstrates the second-order accuracy
in most cases, because the second-order Lorentz-force solvers are combined
with the Coulomb-force procedures (Eqs. (3) and (5)) in an operator-splitting
manner. In this study, since all the Lorentz-force solvers are combined with
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the same Coulomb-force procedures, the numerical accuracy for |E|  c|B|
is largely controlled by the Lorentz-force solvers, even though the resulting
schemes provide the same second-order accuracy. This is evident in cases
4 and 5 in Figure 5 — the quadruple (n = 4) Boris solver provides ≈ 16
times better accuracy, and the exact-gyration solver, which corresponds to
the multiple Boris solver in the n→∞ limit, provides even better accuracy.
In general, the multiple Boris solvers have higher accuracy than the classic
Boris solver, and then they bring better accuracy in the |E|  c|B| cases.
Importantly, we often consider |E|  c|B| in our practical applications in
PIC simulation.
The new solvers may further reduce the computation cost, by allowing
larger timesteps. In PIC simulation, the timestep ∆t is limited by the plasma
frequency ωp and the gyrofrequency ωc. The ratio of ωp to ωc depends on
applications, and both frequencies are limited to ω∆t . O(0.1) due to the
numerical accuracy and ω∆t < 2 due to the numerical stability [1]. If the
gyrofrequency limits the timestep, the multiple Boris solvers can relax the
limitations for accuracy. As evaluated in Eq. (35), the n-tuple Boris solver
allows n-times larger timestep, because it repeats the classical Boris solver
with a smaller timestep (∆t/n). However, aside from the Lorentz-force part,
the other parts of PIC simulation are unchanged. For example, we update the
position (Eq. (1)) for ∆t, not for ∆t/n. Consequently, the timestep condition
is no longer proportional to n. The new condition is given by Eq. (40). This
is more restrictive than Eq. (35).
Among the multiple Boris solvers, considering the accuracy, the timestep,
and computation costs, we recommend the quadruple (n = 4) Boris solver
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with ωc∆t . 0.5 to the readers. One can develop higher-order solvers (n 
32) to obtain even better accuracy. In such a case, we recommend the exact-
gyration solver [8] to the readers. As shown in Figure 4, the 32x Boris solver
(n = 32) is already more expensive than the exact-gyration solver on Intel
processors. It is likely that higher-order solvers are as expensive as the exact-
gyration solver on SPARC processors for n 32. In any case, since the extra
cost is limited, the exact-gyration solver will be another choice for n > 10.
Finally, we note that our recommendation is partly based on the bench-
marks on our specific systems. Performance may be different on other sys-
tems such as GPU-based systems and FGPA systems. This needs to be tested
in future.
In summary, we have proposed the multiple Boris solvers that virtually
combine multiple Boris units. We have derived one-step expressions with
polynomial-based coefficients for arbitrary n divisions. The new solvers pro-
vide second-order, n2-times smaller errors than the classical Boris solver.
They also allow larger timesteps. Their performance is promising. We hope
that the proposed solvers will be useful in researches with PIC simulations.
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Appendix A. Third coefficients for n = 2k + 1
We recall the following relation of trigonometric functions.
sin(A+ α) + sin(A− α) = 2 sinA cosα (A.1)
We substitute (2k + 1)α to A, where k is a positive integer, k ≥ 1. Using
Chebyshev polynomials, we obtain
2 sin
(
(2k + 1)α
)
cosα = sin
(
2(k + 1)α
)
+ sin
(
2kα
)
= sin 2α
(
Uk(cos 2α) + Uk−1(cos 2α)
)
(A.2)
sin
(
(2k + 1)α
)
= sinα
(
Uk(cos 2α) + Uk−1(cos 2α)
)
(A.3)
With help from Eqs. (7), (8), and (22), we obtain
cn3 =
2
t2
sin2
(
(2k + 1)α
)
=
2
1 + t2
{
Uk
(1− t2
1 + t2
)
+ Uk−1
(1− t2
1 + t2
)}2
= (1 + p)
{
Uk(p) + Uk−1(p)
}2
(A.4)
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